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ABSTRACT

Reconstructing mode shapes with precision is essential for monitoring structural health, as it provides
crucial insights into assessing system integrity. However, challenges like data loss, insufficient and non-
collocated instrumentation, and reliance on Finite Element Method-based frameworks or static expansion
techniques often lead to decreased accuracy in estimating dynamic characteristics. Some strategies at-
tempt to address data sparsity through spatial virtual sensors—model-predicted responses at unmeasured
points—but these reconstructed responses frequently fail to adequately replace real sensor data owing
to having been contingent on the prior assumptions on the system’s health state. To tackle these is-
sues, this study presents an innovative method that improves the measurement model by incorporating
time-lagged measurement layers, enhancing observability for the estimable system states. The model
undergoes updates in the time domain via the Interacting Particle Kalman Filter (IPKF) algorithm by
embedding time-delayed measurements. This results in more accurate system matrices and refined mode
shapes, guaranteeing the accurate reconstruction of key dynamic properties. Numerical tests on a simply
supported beam experiencing ambient vibration highlight the proposed method’s greater accuracy and
computational efficiency than traditional approaches.

Keywords: Virtual Sensor, Mode Shape Reconstruction, Condition monitoring, State estimation, Limited
data, Bayesian Filtering.

1. INTRODUCTION

Structural health monitoring (SHM) is indispensable for safeguarding the safety, reliability, and longevity
of engineering structures. As modern infrastructure grows increasingly complex, the demand for ad-
vanced SHM systems has intensified to facilitate early detection of damage and deterioration, thereby
averting catastrophic failures and optimizing maintenance strategies. Despite significant advancements



in SHM, modal parameters continue to serve as a cornerstone for evaluating structural behavior and di-
agnosing potential damage [[1]. These parameters, intrinsically tied to a structure’s stiffness and mass,
govern its dynamic response to external forces, with variations often signaling the onset of damage or
degradation [2, 3. Among these, mode shapes stand out as a critical diagnostic tool, offering high-
resolution spatial insights into vibrational behavior. Their pronounced sensitivity to changes in stiffness
and mass renders them indispensable for pinpointing localized damage, diagnosing structural anomalies,
and refining computational models to reflect real-world conditions with precision [4]].

Estimating and reconstructing mode shapes with precision poses considerable technical difficulties, es-
pecially in practical settings [S)]. Challenges such as limited sensor coverage, data noise, and structural
changes from environmental effects, aging, or damage undermine the effectiveness of conventional meth-
ods. Techniques like the Finite Element Method (FEM) or static expansion typically depend on strict
structural assumptions, challenging to maintain in varying operational conditions [6} [7]. Although suc-
cessful in controlled settings, these methods often inadequately address real-world structural dynamics,
causing inaccuracies in damage detection and health monitoring.

Accordingly, an alternative strategy in SHM involves the deployment of Virtual Sensors (VS), which es-
timate responses at uninstrumented locations based on predefined structural models. While this approach
shows promise [8]], its effectiveness is limited by the accuracy of the underlying model. Discrepancies
between the model and the actual structure can result in significant errors, particularly in scenarios where
the structural properties deviate from their assumed baseline.

To address these inherent limitations, this study proposes a novel methodology that leverages time-lagged
measurements for enhanced mode shape reconstruction. Unlike conventional approaches, the proposed
method integrates temporally shifted response data into the system model, thereby enhancing the ob-
servability of dynamic properties without relying solely on spatial interpolation or strong model assump-
tions. The methodology employs the Interacting Particle Kalman Filter (IPKF), a filtering algorithm for
dynamic system estimation, enabling precise and computationally efficient updating of system matrices
in the time domain. This innovative approach facilitates robust modal parameter estimation, especially
in the presence of sparse data.

2. METHODOLOGY

A Linear Time-Invariant (LTI) dynamic system of order n can be represented by the following governing
equation:

Ma(t) + C4(t) + Kq(t) = P(1) (1)

where q(t), q(t), and q(t) represent the system’s displacement, velocity, and acceleration response
vectors, respectively, under the influence of an external excitation force vector P(¢). The stiffness matrix
(K), the mass matrix (M), and the damping matrix (C) are assumed to be time-invariant and of order
n X n.

This work evaluates the efficacy of Bayesian filtering techniques for state estimation in scenarios with
limited observational data, employing a delay-embedded measurement model. Since practical systems
produce discrete-time data, the continuous-time dynamics must be represented in discrete-time state-
space form, as shown in Equation (2)). This requires the initial formulation of the continuous-time state-
space representation, followed by the discretization of the system matrices to derive (A, B, H, and G).
A comprehensive derivation of these matrices can be found in [9].

Process equation: X = Apxp_1 + Brfi + wy
Measurement equation:  y, = Hyxg + Gpfi + vi
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where xy, is the discrete-time state vector of the order (2n x 1) consisting of displacements and velocities
corresponding to each of the n degrees of freedom (dofs). The vector f; represents the external exci-
tation of size n x 1, modeled as a Stationary White Gaussian Noise (SWGN) process with a specified
covariance. The observation vector y, of dimension m X 1, contains the system’s measured outputs.

The matrices A, € R?"*2" B, € R>**” H;, € R™*?" and G4, € R™*" denote the discrete-time state
transition, input, observation, and direct transmission matrices, respectively. The stochastic processes wy,
and vy, represent process noise and measurement noise, which are modeled as SWGN with covariances
Q and R, respectively.

Bayesian filtering algorithms are employed to address the state estimation problem for the above class
of linear stochastic systems. However, these inverse stochastic estimation approaches are inherently
ill-posed and rely on sufficient observation data. Limited data availability due to inaccessibility to instru-
mentation, malfunction, or data loss degrades system observability and, consequently, the performance of
traditional filtering methods. In damage quantification and localization problems, the lack of observation
data hinders the performance of traditional state parameter estimation algorithms.

However, reconstructing dynamic responses at unobserved locations can enhance the SHM techniques.
Delay embedding increases the effective size of the measurement model, and thereby available external
observable information is fed into the model, compensating for the ill-posedness. Therefore, the cur-
rent study explores the applicability of delay embedding to mitigate the challenges associated with data
sparsity, potentially improving both precision and accuracy without additional costs.

Spatial VS addresses data sparsity by utilizing a supporting model to reconstruct responses at locations
where data is absent. The method’s accuracy hinges on the supporting model’s quality, and using high-
dimensional models may cause estimation delays. This research, however, presents an approach that in-
tegrates both current and delayed data for state observation. By including delayed virtual measurements,
the method resolves issues of ill-posedness due to data sparsity, facilitating effective reconstruction of
unobserved responses. A delay-embedded measurement vector is created by enhancing observation data
with delayed or future measurements.

The number of delay layers, denoted by z, if sufficient, guarantees system observability and extends
beyond the sensor layer. Delayed measurement vectors represent extended observations for the current
state vector xj. According to the system dynamics in Equation (2)), the observation at k + 1, yj1, can
be expressed as:

Vi1 = Hppixepr + Grpifipr + v 3)

Which, through substituting x1 from Equation (2), renders as:

Yi+1 = [Hep1Appa|xe + He1Brgr + Grgalferr + HepiWeg + Vi “4)

The approach can further be expanded to generate observations for x; as yr+2, Yi+3 and further.
Sequential observations stored in an augmented measurement vector y; € RZtD™  given by y, =
[y% yzﬂ . y£+Z]T enhances the observability aspect for the states and consequently its estimation.
As per Takens’ theorem [10], (z + 1)m > 2n + 1 ensures complete observability and reconstruction of
the states. For simplicity, the measurement equation when z = 2 is:

Xk

Vi = [’Hk : gk] [fk] + WiWi + Vi, (5)



where,

H; Gy 0 0
Hi=| HppArr |, Gr=]0 HpuBr+Ge 0 ;
| HyroApr2Ak 0  HioApoBry  HppoBiio + Gigo
- ©6)
0 0 0
Wi = |0 Hj 1 0
10 HyioApio Hipgo
Combining Equations (2) and (), the augmented discrete-time state-space formulation is:
X = ApXp—1 + Bifi + Wy
(N

Y& = Hixi + Gy + Vi
where, B, = [Bk 0 0] , Wi = [I 0 0} Wi, Vi=WpWi+ V.

The process noise Wi and measurement noise vy, are characterized by covariances Qy, and Ry, respec-
tively. While detailed derivations of these covariances are omitted for brevity.

The IPKF framework is employed for estimating the system’s state and parameters leveraging sparse
measurement data. In the context of the system defined by Equation (7), both the system states and
measurements are augmented with additional parameters that characterize the spatially varying health
parameters of the system. These health parameters influence the system’s physical matrices, i.e., K, M,
and C which subsequently affect the system’s dynamic behavior. The estimation of these health parame-
ters is performed concurrently with the state vector xj, within an integrated filtering approach. The state
vector Xy, is estimated using a Kalman Filter, while the health parameters are estimated through a Parti-
cle Filter (PF), enabling the simultaneous estimation of both state and health variables in a probabilistic
framework.

With the augmented discrete-time state-space representation derived, mode shapes estimation focuses
on identifying the system’s modal properties encapsulated in the Ay and H. To enhance the accuracy
of modal property estimation, the delay-embedded measurement model is utilized, providing a richer
dataset by leveraging temporal correlations across multiple time steps.

To extract mode shapes, the system dynamics are analyzed through modal decomposition, which in-
volves solving the eigenvalue problem for the Ay, i.e. Ay ®r = ®r Ay, where Py, is the modal matrix
containing eigenvectors (mode shapes) and A, is a diagonal matrix of eigenvalues at time k, correspond-
ing to the system’s natural frequencies and damping characteristics. In this analysis, Ay is assumed to
be parameterized by the parameter £, such that Ay = A (). This assumption ensures that Ay, reflects
the system’s true dynamics at each time step. The observable mode shape gbf is obtained, for the ¢—th
mode, as ¢! = Hk@};, where <I>}'€ represents the i eigenvector of Aj. To ensure scale invariance and
facilitate comparison between mode shapes, normalization is applied to the extracted mode shapes. This
step standardizes the results, making them suitable for interpretation and further analysis.

3. NUMERICAL EXPERIMENTS

This research thoroughly examines a simply supported beam to assess the VS-IPKF framework’s efficacy
in mode shape reconstruction. The beam is divided into 10 elements of equal length (M; to M), each
with two nodes. Internal nodes feature two do f s: one translational and one rotational. Boundary support
nodes include rotational dofs only, amounting to 11 nodes and 20 dofs in total. Element M; is at the
left support, and Mg is near the right support. This study tests the framework’s precision in various



Algorithm 1 Mode Shape Estimation with IPKF for State Estimation

1: procedure IPKF(y:, Q, R)

2 Initialize:

3 Particles {£]}, state estimates {x}}, state covariance matrix Py and weights w), = Nip
4 for each time step k do A ‘

5 procedure PARTICLE EVOLUTION({¢]_,}, {x{{_1| D)

6 for each particle j=1to N, do

7 Evolve parameter: 5,{: +— afi_l + N(0, ai)

8

9

end for
: end procedure ' '
10: procedure KALMAN EILTER({&%}, {x{c_l‘k_l}, Vi)
11: for each particle &, do
12: Define system matrices: A; = A(&}), H;, = H(E})
. ction: <) — AT
13: Prediction: X’?"“_l = Akx'k_'llk_1
14: Innovation: €, = y;, — ’chxi;‘k_l | |
15: Calculate the Innovation Covariance (S{C), and Kalman Gain (Ki)
16: Calculate the Predicted State Covariance (Pi:|k:—1)
17: State Update: xi:‘k = x?c|k_1 + K{CefC o
18: Covariance Update: Pi:‘k =(I- Ki%?@)Pi\kq
19: end for
20: end procedure '
21: procedure PARTICLE RESAMPLING({¢1}, )
22: for each particle & do
23: Weight update: wj  Likelihood of ¥, given &,
24: end for ‘ ' '
25: Normalize weights: w;, = wi, /32wy, '
26: Resample particles: Draw ¢/, based on wy,
27: end procedure o
28: Calculate state estimates: x;, = > wixi:' -
29: Calculate parameter estimates: &, = >, w;.&]

30: end for

31: end procedure

32: procedure MODE SHAPE ESTIMATION

33: Define A, = A(fk) and H; = H(fk)

34: Solve eigenvalue problem: A;®; = ®,A;

35: Output: Eigenvalues Ay, Eigenvectors @, and mode shapes ¢, = Hy Py,
36: end procedure




scenarios, offering insights into its effectiveness for structural health monitoring. The following sections
detail the examined cases.
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Figure 1: Geometry and details of the simply supported beam

3.1. Reconstruction of Mode Shapes Under Healthy Conditions

This research assesses the precision in reconstructing mode shapes of an intact structure utilizing the VS-
IPKF framework. The mode shapes from the FEM healthy model are used as a reference for comparison
against those reconstructed via the VS-IPKF framework and those obtained via the Stochastic Subspace
Identification (SSI) technique. This foundational study demonstrates the VS-IPKF framework’s profi-
ciency in accurately capturing mode shapes under optimal, undamaged conditions. Notice that thanks to
the increase in the layer count z, the total number of sensors (virtual or not) is always 20. That is why
the results on the right are similar, whereas they decrease in quality on the left.
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Figure 2: Reconstructed Mode Shape for Healthy Structure (dashed line represents the FEM mode)

3.2. Reconstruction Accuracy Under Structural Damage

Next, this subsection investigates the effectiveness of the VS-IPKF framework in reconstructing mode
shapes in the presence of unknown estimated structural damage. Damage is modeled by systematically
reducing the stiffness of specific elements in the structure. This analysis highlights the framework’s
ability to estimate variations in structural properties while maintaining high reconstruction accuracy.
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Figure 3: Mode Shape Reconstruction Under Damage (dashed line represents the FEM mode)

3.3. Robustness Under Sparse Sensor Configuration

The robustness of the VS-IPKF framework under sparse measurement conditions is evaluated by reduc-
ing the number of physical sensors deployed along the beam to 5. The reconstructed mode shapes from
the VS-IPKF framework, along with the Modal Assurance Criterion (MAC), are compared for differ-
ent values of z, from z = 0 to 3, providing insights into the trade-off between reconstruction accuracy
and reduced measurement configurations. This evaluation underscores the framework’s effectiveness in
achieving accurate reconstructions despite limited physical measurements, demonstrating its potential
for resource-constrained settings.
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Figure 4: Mode Shape reconstruction of 5 sensors for different layer choices

The MAC between the estimated mode shape and its FEM counterpart goes to 1 with increasing z.

4. DISCUSSION AND CONCLUSION

Notice that SSI was selected as a comparison method to our proposed VS-IPKF approach since it shares
the same property of stacking time-lagged measurements in building its Hankel data matrices. The
comparatively superior behavior of our approach on non-measured points comes from the mixing of
both a model and time-lagged measurement, whereas SSI is purely data-driven and as such only relies
on the time-lagged measurements. Notice that virtual spatial sensors rely only on the model and are
expected to behave worse than VS-IPKF, an assumption that will be verified in a companion paper.

Within VS-IPKF, The delay-embedded framework VS enhances modal estimation by improving space
resolution and robustness compensating for data sparsity, whereas the IPKF part estimates simultane-
ously damage changes. The limits of this approach for detecting localized stiffness changes with small
instrumentation will be tested regarding model complexity and real-life robustness later on.
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