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ABSTRACT

In the context of wave propagation in periodic media (e.g., composite or architected materials), recent
studies have underlined the relevance of subspace identification algorithms to identify wave propaga-
tion properties and, thus, to characterize a complex structure experimentally. While such algorithms are
usually applied to data sampled in the discrete time domain, as in Operational Modal Analysis (OMA),
here the data are collected in the frequency domain from successive periodic unit cells, in the case of
1D-periodic waveguides. Instead of the modal parameters estimated in OMA, such as natural frequen-
cies, the aim here is to estimate the real and imaginary parts of the structural wavenumber (related to
the wavelength and the spatial decay, respectively) and the Bloch wave modes (physical wave modes,
such as torsional and compressional). These wave-related invariant parameters describe the vibrational
behavior of the waveguide, since the displacement field can be represented by wave-mode superposi-
tion. The number of measurement points per unit cell is rapidly increasing with the development of
full-field vibration measurement techniques. Taking advantage of this data abundance to counterbalance
the usually low number of unit cells (a few periods) in the collected data is not of common practice in
the community. This paper proposes a subspace identification framework to benefit from multiple points
measurements inside each unit cell for periodic waveguides. The approach is illustrated with a simulated
periodic beam.
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1. INTRODUCTION

Effective vibration control and attenuation of acoustic radiation are essential for managing Noise, Vibra-
tion, and Harshness (NVH) in various engineering applications, particularly in the automotive, aerospace,
and industrial sectors. To this end, one of the means to control vibration is to act on the underlying
elastic waves that propagate in the structure (the waveguide) and build up its vibratory motion. Con-
trolling elastic waves can be effectively achieved by two main strategies: locally resonant materials
(LRM) [[11]] or Bragg scattering (e.g., phononic crystals [9]]). This second strategy takes advantage
of Bragg bandgaps that occur in periodic structures, that are regions in the frequency domain where
waves are strongly attenuated. In the conceptual design stage, the study of the behavior of these periodic
structures mainly involves the generation of dispersion curves to examine the evolution of the complex
wavenumber through the frequency domain. In the experimental validation stage, identification methods
are applied to measured vibration data to extract the underlying wave properties [2, 5, [10].

Within the periodic waveguide context, the propagation constants and its related Bloch modes, repre-
senting the free wave motion in the waveguide, are analogous to the modal parameters (natural frequen-
cies, damping ratios, and normal modes) in modal analysis. The propagation constant is expressed as
A = exp(jkA) € C, where k € C is the complex wavenumber and A € R is the unit cell length. The
real part of the wavenumber R(k) represents the harmonic motion — which is analogous to the natural
frequency in modal analysis. Its imaginary part, 3(k), is related to the spatial attenuation constant —
which is analogous to the damping ratio in modal analysis. Finally, the Bloch modes represent the elastic
wave modes (e.g., torsional, flexural, compressional). In the modal analysis field, the three modal pa-
rameters can be derived from a mechanical model by solving a generalized eigenvalue problem involving
the mass, damping and stiffness finite element (FE) matrices of the structure. Similarly, the propagation
constants and Bloch modes can be derived from a standard eigenvalue problem involving the transfer
matrix [8]], which is built from the FE matrices of the unit cell. This analogy suggests subspace methods,
which are widely applied in modal analysis, for wave propagation problem. Successful applications of
such a method to wavenumber identification in homogeneous structures have been reported in[[7]].

In this paper, data-driven subspace identification method is used to identify complex wavenumbers in
periodic structures. This method takes advantage of the multiple measurement points, which can be
obtained from a full-field measurement technique (e.g., laser-Doppler vibrometry), to compensate rela-
tively few unit cells in most experiments to characterize periodic waveguides. Identification results for
a virtual measurement example illustrate the benefit of this method for efficient estimation of the spatial
attenuation in bandgaps.

2. SUBSPACE-BASED WAVENUMBER IDENTIFICATION
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Figure 1: Unit cell and its partitioned degrees of freedom (left), and the periodic waveguide formed by assembling
the unit cells (right).

To introduce the approach of this paper for wavenumber identification from sensor measurements, we
reformulate the wave propagation equations and their link to measurements in a state-space form. In
practice, there is no need to know the details of these equations. Only their existence is assumed. The
model of a periodic waveguide is based on the wave finite element method [8], hereafter referred to as
WEFEM, in which the dynamic motion equations of a periodic waveguide are expressed in terms of those
of the smallest repetitive element, i.e., the A-periodic unit cell. The time-harmonic motion equation at



the angular frequency w of a periodic unit cell from a finite waveguide comprised of /N unit cells, after a
finite element discretization, is written as:

Duy, =f, VEke|[l,N] with D =D(w) = —w?*M + jwC + K (1)

where D(w) € C™4*™d represents the dynamic stiffness matrix, dependent on the angular frequency
w € R and formed with the classical finite element mass M € R"¢*"™d damping C € R"¢*"d and
stiffness K € R™*"a matrices, up € C™4 is the vector of nodal displacements and f;, € C"4 is the
vector of nodal forces, ny being the number of degrees of freedom of the finite element discretization.
Let the set of indices {1,2,...,n4} be partitioned into three subsets, namely, L. € N" for the left
boundary of the unit cell, R € N" for the right boundary and / € N™ for the inner degrees of freedom,
as depicted in Figure [I] The corresponding unit cell vector and matrices are partitioned in the same
manner.

When N > 2 unit cells are assembled in the periodic direction, as represented in Figure|l| the interface
between the k-th and (k + 1)-th unit cells are coincident. Using exponents “R” and “L” to indicate
respectively the nodes at the right and the left interfaces of each unit cell, we can write the displacement
continuity as u? = u% ,1 and the dynamic force equilibrium as fkR + ka+1 = 0. Moreover, if no
external forces act in the inner region of the unit cell (flf = 0), the inner displacement vector of the
k-th unit cell can be written — or condensed — in terms of the interface displacement vectors as u£ =

—]D);I1 (]D) Ji Luﬁ + Dy Ruﬁ +1)' This gives us the condensed equation of motion:
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Finally, by reordering (2)) we obtain a state-space model in the following form:

{X’““ = Axi with xj, = {“é’} 3)
Yk = Cxy +ny £y

where the state vector x;, € C2" contains the nodal displacements and forces. The output vector y;, € C!
corresponds to the [ A-periodic measurement points inside the k-th unit cell of harmonic displacements
— i.e., the observations of the system in the frequency domain —, C € C'*?" is the output matrix, and
n;, € C!is the measurement noise, which is assumed to be a zero-mean, stationary, white noise sequence.
The matrix A € C2"*2" is known as transfer matrix in the WFEM community. The eigenvalues of A
are the propagation constants, which are related to the wavenumbers of interest in the considered context.

It is known that this state-space model is linked to subspace identification methods [6], which allow to
estimate the eigenvalues of the matrix A from measurements corresponding toyy. In this approach, the
first step is to build a block-Hankel matrix # € C®)*(N=P) from the sequence of measurement vectors
yvi Yk = [1, N], as follows,

yi Y2 ... YN—p+1

Y2 Y3 oo YN—p42
H= . . . .p ) (4)

Yo Yp+1 .- YN



where p € N denotes the spatial horizon of the observed data. This block-Hankel matrix can be decom-
posed as (see, e.g., [6]):

C
CA
H=0X+N, with O = _ and X =[x; X2 ... XN—pt1] )
CAP-!

where N is the block-Hankel matrix of the measurement noise. The matrix O can be estimated from the
singular value decomposition (SVD) of H as:

H=USV" and O=U. (6)

Let @T and O | be O without the last block-row, and without the first block-row respectively (note that
p > 2is required). An estimate — up to some similarity transformation — of the state-transition matrix A
can be obtained from the relationship O A ~ O by solving for A in the least-squares sense:

o~ ~ o~ ~ o~ -1 <, ~
A:(ﬂOi:(OTO?) 0HO,. 7

The eigendecomposition of A = TAT! provides the diagonal matrix of estimated propagation con-
stants A, which can be converted to an estimated wavenumber matrix by using the relationship A =
exp(jkA).

3. NUMERICAL VALIDATION

To validate the proposed approach to complex wavenumber estimation, we present the results of the
identification method for a virtual experiment consisting of harmonic motion simulations for a periodic
waveguide — an aluminum beam with periodic material removal.

Figure 2: Periodic unit cell (left) and the corresponding periodic waveguide (right) including N = 11 unit cells.
The unit cell geometric properties are a length A = 40 mm, a width w = 35 mm, a thickness ¢ = 3.2 mm, reduced
thickness ¢,, = 1.6 mm (reduced thickness length is 3/4 A). The considered mechanical properties are: Young’s
modulus E = 69 GPa, Poisson’s ratio v = 0.33, density p = 2700 kg/m? and structural loss factor 7 = 0.005.

Firstly, a finite element model of the unit cell is built [[1]] by defining the geometry to create a 3D quadratic
mesh [4]] and the material properties to generate the FE matrices M, C and K. The unit cell is depicted
and described in Figure 2]

To identify the complex wavenumbers of the unit cell, the dispersion curves are computed by solving
a k(w) generalized eigenvalue problem within the WFEM framework [3] (with w = 27 f the angular
frequency for an harmonic motion). These dispersion curves are shown in Figure [3| (real part R(k) —
upper part — and imaginary part (k) — lower part). A color scale superimposed on each curve indicates
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Figure 3: Dispersion curves for the periodic waveguide (upper part: real part of the complex wavenumber % (k)—
lower part: imaginary part (k). In-plane motion (compression and shear) get coupled with out-of-plane motion
(bending and torsion) between 8 and 10 kHz.

the degree of propagation of the wave mode by the modulus of the propagation constant — a wave mode
is said to be propagative if |A| ~ 1.

Aiming to generate the data for the identification problem, a periodic waveguide is assembled from the
concatenation of N = 11 unit cells and depicted in Figure 2] The periodic waveguide FE matrices are
created from the assembly of the unit cell FE matrices. Finite element and modal analysis uses a truncated
modal basis comprised of the first 100 normal modes of the waveguide, with a maximum frequency of
21679 Hz. Frequency response functions are generated for a unit point load force Fy = 1 N applied at
xo = 25 mm (along the length), yo = 10 mm (along the width), zop = 0 mm (along the height, i.e., on
the plane surface). Figure [d] depicts three vibration measurement fields to better understand how elastic
waves exhibit a space-harmonic behavior that varies through the frequency domain.

Frequency [kHz]

Figure 4: Three simulated vibration measurement fields for the periodic waveguide in the frequency domain
(mobility response functions) at 1.5 kHz (bottom), 5 kHz (middle) and 11 kHz (top).



A spatial averaged mobility spectrum (point velocity / injected force) is illustrated in Figure|5| where the
vibration amplitude level can be seen through the frequency range of interest [0, 12.8] kHz
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Figure 5: Average mobility spectrum for the periodic waveguide. The torsional waves between 4.0 and 6.4 kHz
are not observable from the vibration measurements, but the flexural modes continue to be propagative in this
region, and they can be observed through the three vibration bending modes in this region.

For the identification part, the number of outputs per unit cell is [ = 259, which are the out-of-plane
displacement degrees of freedom of the unit cell nodes after discretization (see Figure[I]), the number of
unit cells (the data length) is NV = 11, and the spatial horizon is p = 4, so that the size of the block-
Hankel matrix H is 1036 x 7. All the left singular vectors of 7 are used as an estimate of the observability
matrix O. Accordingly, all the hy eigenvalues — the estimated propagation constants — of the estimated
state-transition matrix A are retained. Prior to the wavenumber estimation from ), a filtering criterion
based on the modulus of X is applied, which helps to find the wave modes with a physical meaning (4
wave modes evolving through the frequency domain among the 7 poles of ;‘;).
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Figure 6: Identified wavenumbers for the periodic waveguide. Only out-of-plane modes are captured by the out-
of-plane virtual vibration measurements (velocities along the z-axis).

The results of the identification procedure are shown in Figure [6] The identified complex wavenumbers
match properly the WFEM simulated dispersion curves. In the torsional bandgap region (4 to 6.4 kHz),
the imaginary part of the wavenumber is well captured, which is usually difficult to achieve. In the region
where in-plane modes are coupled with out-of-plane modes (8 to 10 kHz, the identification performance



is lower, which is due to the complex wave conversion phenomena and also to the decrease of the vi-
bration amplitude, which can be seen for the same region in the average mobility (see Figure[S)). These
identification results identification have been obtained for a noiseless virtual measurement data, to let the
identification performance be affected by number of unit cells only.

4. CONCLUSIONS

In this paper, we presented an application of the subspace identification methods for complex wavenum-
ber estimation in periodic waveguides. The periodic waveguide harmonic motion has been presented
in its mechanical system formalism — finite element equations — but also in a state-space form, with
a subspace identification perspective. Complex wavenumber identification in periodic waveguides can
become a complex task, especially when bandgaps occur (i.e., limited or highly modified propagation).
Through a numerical validation, the presented method proved to be adequate for the identification of the
real but also imaginary parts of the wavenumber in these regions, which ultimately leads to an useful
method for the assessment of vibration attenuation in a periodic waveguide.
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