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ABSTRACT

A methodology is developed for optimising the design of simple lightweight structures, such as those
found attached to aircraft wings, which experience excitation over a wide frequency range at intermediate
frequencies and above. The optimisation focuses on ensuring that constraints on fatigue damage are
satisfied whilst weight is reduced; an understanding is gained of the design space presented by these
structures. Small-scale structures are employed to model plate fairing surrogates, first in isolation and
then attached to a flexible beam. The plates undergo synthetic random fatigue loading using Finite
Element analyses with Fatigue Damage then computed in the frequency domain using the Dirlik method.
The modal behaviour is compared, and the effect of the addition of semicircular notches is assessed. The
design space presented by a plate where the thicknesses of different regions are allowed to vary is found to
be non-smooth and irregular, motivating a global optimisation approach. Finally, a global optimisation of
a system of two plates attached to a flexible beam is performed. Qualitative and quantitative comparisons
between the optimal fairing designs obtained under this optimisation are made. The global optimization
is found to perform well in cases where low-frequency excitation is present, but provides no design
improvement over local optimisation in cases which exclusively contain higher frequencies.

Keywords: Lightweight Structures, Fatigue, Ambient Excitation, Modal Analysis

1. INTRODUCTION

In modern aerospace design, minimising the structural weight subject to stress, deflections and flutter
constraints is crucial to achieving both performance and durability. However, lightweight structures can



be susceptible to vibration-induced fatigue in highly loaded environments such as those encountered
on wings and control surfaces, but with careful dynamic design and optimisation, these structures can
experience an enhanced fatigue life which can further increase the overall reliability of modern aircraft.

Fatigue damage analysis has developed significantly since the first development of S-N curves and the
Palmgren-Miner rule [1], [2]. In particular, the introduction of cycle counting algorithms such as rainflow
cycle counting [3] has allowed extensive simulation of fatigue in the time domain while spectral moments
methods have offered a fast frequency domain alternative, e.g., [4] and [5]. Further, the development of
finite element (FE) modelling led to more sophisticated models which enabled fatigue optimisation, [6],
[7], [8]. For example, Liu et al. [9] used Gaussian process regression to estimate fatigue damage of
floating wind turbines at a variety of sea states. In an aerospace context, formal optimisation is typically
based on strength and deflection criteria rather than fatigue. However, Grobvic et al. [10] investigated
wing spars using the extended finite element method and the fatigue life of the spars with different cross-
sections, but constant area, was compared and an optimal spar cross-section was obtained. In that work,
the loading was applied at a single frequency and the focus was on crack propagation. This type of
loading is generally common across other fatigue optimisation examples.

One category of aerospace structures prone to fatigue effects consists of the various lightweight compo-
nents which are placed along the wingspan. Examples of these components include panels, covers and
external hardpoints. They offer a unique environment with complex interactions involving spectrally rich
pressure loading and modal coupling originating due to wing flexibility interacting with a complex air-
flow. If these factors are accounted for during the design stage, those components may be optimised for
fatigue life improvement. Analysis of existing dynamic flight test data suggests that careful consideration
of the relationships between the modal characteristics of the components and the aerodynamic loading
can constitute the basis for rational design improvements. Hence, a formal optimal design process driven
by modal and spectral considerations can help mitigate the risks arising from reduced fatigue life.

This work explores an approach to optimise the design of lightweight structures from a fatigue point of
view. A representative beam-plate benchmark problem that displays some of the configurational charac-
teristics observed in aircraft context is used to provide an assembly where the two nominally identical
lightweight components are located and coupled via a single flexible support structure. This system is
loaded using a simplified spectral loading and the fatigue-sensitive design factors of individual and as-
sembled components are studied in the frequency domain. Modal responses and damage measures are
observed under various design and load changes. Additionally, optimisation of the components’ subdo-
main thickness parameters is used to define the required design differences between the two nominally
identical and elastically coupled components to achieve improved fatigue performance.

2. METHODS

2.1. Problem formulation

A small test case is introduced to investigate the effect of simplified spectral loading on fatigue damage of
nominally identical lightweight components. These types of structures are typically placed along aircraft
wings and tend to experience strong variable aerodynamic loading. Flight and ground vibration tests
had previously indicated that such structures can experience rich multi-modal excitation. A conceptual
sketch of the chosen test case is shown in figure1.

Two identical lightweight structures are modelled as 60 mm by 300 mm rectangular plates with an initial
thickness of 3 mm which are then attached to a 1 m long cantilever beam with a hollow rectangular
cross-section with outer dimensions of 60 mm by 15 mm and inner dimensions of 50 mm by 5 mm. The
spacing between the plates is used to introduce elastic coupling with the support beam structure. All
components are assumed to be made of 6061 T6 aluminium.



Figure 1: Problem setup for the two-plate test case. Initial plate thicknesses labelled, drawing not to scale.

2.2. FE model of the structure

The FE model was developed using the Patran/Nastran suite. Plates were initially modelled as rectangular
structures. However, optimisations were performed on plates with semi-circular notches near the base
(see section 3.1.. Each prismatic plate was modelled as a shell structure. Rectangular plates used 720
QUAD4 quadrilaterals, generated by Patran’s Isomesh mapped mesh using mesh seeds. Notched plates
were modelled using a similar mesh consisting of 677 QUAD4 and 7 TRIA elements with Patran’s hybrid
meshing tool. When modelled in isolation, the plates were fixed at one of their short edges. The beam
fixed at one of its end points was modelled using 200 PBEAM elements with the rectangular cross-
section defined above. When assembled, the plates’ short edge nodes were directly attached (merged)
with the corresponding beam nodes.

To mimic a typical flight environment for the lightweight components, a broadband forcing with constant
power spectral density between defined frequencies was assumed. When observed in in-flight measured
strain gauge data, typically several active vibration modes are excited. These can include modes at inter-
mediate frequencies, with behaviour corresponding to up to the 9th mode identified in ground vibration
tests of the components. To maintain spatial simplicity of this exploratory test case, the plates were only
excited at a single node at the top left corner of each plate. In Nastran, this approach is defined as a
unit load over a frequency band which evaluates relevant stress mode shapes. These are then used by the
Dirlik method along with the specified P.S.D. frequency content to evaluate fatigue. In practice, the forc-
ing function would not only be a function of aerodynamic turbulence, modelled for instance by the Von
Karman Gust Spectrum [11], but also the frequency content from any separated flows (buffet) impinging
upon the component.

2.3. Frequency domain fatigue and damage analysis

This project employs MSC Nastran’s embedded CAE Fatigue frequency module provided by Hexagon
AB [12] The damage responses are calculated in Nastran 2024.2. Optimisation study is performed using
Nastran SOL 200 solver with the IPOPT algorithm. Post-processing is performed using the Engineering
Lab SOL 200 web application developed by Christian Aparicio [13]. The material used in this study is
6061 T6 aluminium. Its material properties and SN data are adopted from [14]. The strain measurements
observed in the past in-flight tests guide the choice of the adopted synthetic loading spectrum profile
in terms of the number of vibration modes activated by the loading. Specifically, the flat spectrum is
assumed which spans across the range which includes up to the first nine vibration modes of the panel
components. This provides a good starting point for improving the process. In flight excitation is more
concentrated around specific frequencies, which are particular to a specific geometry and flight condition.
The analysis is performed in the frequency domain using Nastran’s SOL 111 direct frequency response
solver.



Finally, the cycle counting and the damage calculation are performed with the help of the Dirlik method
in the frequency domain. The Dirlik method is a semi-empirical technique that estimates the probability
density function (PDF) of stress (or strain) ranges within a random vibration environment [5]. The
method further uses Miner’s rule and information from the S-N curve to evaluate the fatigue damage
experienced by a structure. This technique is commonly used nowadays in industry.

To apply the method for this project, a harmonic unit load was applied in frequency increments of 2.5
Hz up to 150 Hz. The stresses from these frequency responses were then used to apply P.S.D in the
range 0-70 Hz using the Dirlik method. Stress combination was performed using the signed Von Mises
approach and calculated at element centres. A stress-based S-N curve was used with a Neuber plasticity
correction. Since the signal was generated synthetically, a mean stress correction was not required.

2.4. Optimization problem formulation

The optimisation problem is locally parameterised using the plate thickness. To initially restrict the
dimensionality of the problem, the meshed plates are divided into three and, later, ten subregions. The
location of these regions is informed by an initial view of the stress and fatigue distribution patterns when
the plates have a constant thickness. To simulate the design problem, the total weight of the structure
was optimised by varying the chosen parameters. Hence, the cost function was defined to be the total
weight of the plate. The thickness of each region was constrained between 1 and 5 mm. Optimization
was further constrained so that the total damage from a one second long loading cycle did not exceed
0.1% in any of the plate’s regions. The loading was defined using a constant PSD which included the
frequencies of the first nine modes of the plate. The magnitude of the PSD was adjusted such that the
component had a life of at least 1000 cycles. A low value was chosen to ensure that an initial design was
feasible with an initial thickness of 3mm.

The objective function to be minimised is therefore defined as

J(p) = ρ
(
AT t

)
where tL ≤ t ≤ tU

while the constraints are specified as

∀e ∈ P1, De =

∫ ∞

0
Pe(f) ·g(f) df ≤ 0.0002, ∀e ∈ P2, De =

∫ ∞

0
Pe(f) ·g(f) df ≤ 0.0002

where A is the vector of the fixed subdomain areas and t is the vector of the thickness parameters, ρ is a
density. In the constraint expression, for every element in plates P1 and P2, fatigue calculated by applying
the Dirlik method g(f) to the power spectral density Pe(f), damage must be below the threshold value.

Local optimisation was performed using the IPOPT algorithm included within Nastran’s SOL200 system.
The IPOPT algorithm uses an interior point line search filter method and the implementation used in this
case is described by Wachter and Bieger [15]. Evaluation of different initial conditions revealed that the
local optimiser tended to converge to different optima. To address this problem, a Latin hypercube of
400 initial solutions was generated and the local IPOPT optimiser was run with restarts. Of these, the
best resulting design was selected. In addition to this, a parameter study of a single notched plate with
only two varying thickness parameters was performed to obtain additional insight into the design space.

3. RESULTS

This section details the results of the study of the lightweight structures under the band-limited high-cycle
fatigue loading. Section 3.1. describes the reference modal behaviour in isolation and when assembled.
Section 3.2. describes a parametric study of the design space for an isolated notched plate. Finally,
section 3.3. presents the results of the optimisation study of a system consisting of two notched plates
attached to the beam.



3.1. Reference modal analysis

The first nine modes for both a rectangular and a notched plate are shown in figure 2. The set contains
five transversal bending modes, three torsion modes and an in-plane bending (shear) mode. The modes
are labelled and ordered as follows: the rectangular plate modes are B1, B2, T1 B3, S1, T2, B4, T3,
B5; the notched plate modes are B1, B2, S1, T1, B3, B4, T2, B5, T3. In both cases, the modes cover
frequencies up to 50 Hz. To reach a more complete appreciation of the modal characteristics, both the
displacement and the stress modal patterns are shown as heat maps.

Figure 2: Displacement (left) and stress (right) modal patterns for the first 9 mode shapes of a 3 mm aluminium
plate with a rectangular (top row) and notched (bottom row) profile

‘

The modal stress patterns (right side of figure 2) reveal the stress concentration regions. Classically, these
tend to be associated with the interface and transition locations such as the constrained bottom edge or the
notch. The results suggest that whereas the localised thickness optimisation of the rectangular samples
would likely recommend thickening near its base, a notched sample presented a more complex trade-off
between the regional thicknesses.

The assembled system requires the inclusion of the first 30 modes to cover the frequency range of interest
up to 50 Hz. Some examples of these mode shapes are shown in figure 3. The increased number of modes
is observed because of the presence of the two nominally identical components interacting via a flexible
structure. Modes 2 and 10 are examples of this behaviour. The configuration consisting of the notched
plates requires up to 33 modes for the same reason, and the resulting frequency range which incorporates
the modes of interest reaches 61.5 Hz.

Figure 3: Plot of displacement for the first eight mode shapes of the assembled system with rectangular plates.



3.2. Parametric study

As shown in the previous section, a more complex specimen featuring a pair of semi-circular notches
introduces a more complex stress concentration context. Such a case has been classically studied in
other research works with a similar focus, e.g., Slavic et al. [16]. The FE model of this specimen is
shown in figure 4. A point load is applied at the end of the specimen for the range 1 to 75 Hz. A point
load allows for more variation in the stress field than a distributed load, easing the peak counting using
the Dirlik method. The specimen is loaded at the left-hand corner, as initial analysis had shown that a
more eccentric load leads to a greater proportion of fatigue occurring at higher frequencies, resulting in
a richer response.

Figure 4: Initial test case used for optimisation. A load is applied at the far corner from where the plate is clamped
(left). The plate is divided into three sections with different thicknesses (centre). Those highlighted in green (the
notch section) and blue (the base section) are allowed to vary. The logarithm of fatigue damage under loading in
the range 1 to 75 Hz is shown as a contour plot (right).

The notch narrows the sample to one-third of the nominal width of the plate at its narrowest point. The
fatigue damage profile produced by exciting this sample evenly from 1 to 75 Hz is shown in figure 4.
Here, high damage is indicated both at the base of the plate and also at the centre of the notch. Hence, it
presents a more complex design problem. To study this case, the plate is divided into three regions. The
two regions of interest are indicated in figure 4. The parts of the FE mesh shown in green (the notched
section) and blue (the base section), were allowed to vary in thickness, while the red outboard section
had its thickness fixed at 3 mm. To investigate the thickness impact on fatigue damage, the thicknesses of
both sections were changed in increments of 0.5 mm from 1 mm to 10 mm. The fatigue analysis for each
of the 361 designs was completed and the maximum fatigue damage in the structure was recorded. The
results of this study are summarised in figure 5. Uniform modal critical damping of 4% is used across
the frequency range. Without this, many designs experience damage over 100% over 1 second.

Figure 5: Log of maximum fatigue damage for designs with different thicknesses for notched and base region.

The study shows that the lowest damage is achieved with a notched region with a thickness of 5 mm
and a base region with a thickness of 4.5 mm which resulted in damage of 10−6.6. It also shows a



general trend of increasing thickness, particularly increasing the base thickness, leading to less fatigue
damage. However, throughout the design space, there are many local minima and many regions where
fatigue constraints are not satisfied. These include the regions shown in red in figure 5, where the damage
over 1 second exceeds 1%. Furthermore, transitions between regions of low and high damage are not
necessarily smooth, suggesting that for these problems a local optimization strategy was unlikely to find
a global optimum and that a global optimization approach would be necessary.

3.3. Optimisation study

This section explores the optimal thickness design of a configuration comprising of two notched plates
attached to a flexible beam. The excitation location and the boundary conditions used are indicated
in figure 6. Both plates are subjected to the point loads located in their respective outboard corners.
To allow for greater design variation, the plates were divided into 10 different zones whose thicknesses
could be varied. In order to investigate whether different spectral loads resulted in different recommended
thickness distributions, the test case was optimised using a PSD defined in 3 different frequency ranges.
To ensure that the 9th mode at 61.5 Hz was included, the chosen ranges were 0-21 Hz, 21-42 Hz and
42-63 Hz. A simulation with excitation specified over the entire 0-63 Hz range was also performed.

During optimisation, the thicknesses were allowed to vary according to the chosen problem parameteri-
sation. However, a localised plate thinning or thickening could change the stiffness such that the modes
of interest would exit or reenter the defined frequency envelope. To address this issue, while excitation
was only considered in the range up to 63 Hz to excite the first 33 modes, the modal analysis was directed
to include the first 70 vibration modes. This approach ensured that the modal fluctuations resulting from
the thickness variations were correctly captured during optimisation.

Figure 6: FE model of the fully assembled beam structure with two nominally identical notched plates

Figure 7 shows an example of a constrained optimization (see section 2.4.) which succeeded in achieving
a 47.9% weight reduction compared to a design based on having a uniform thickness. The log of fatigue
damage for the uniform thickness example is shown on the left. The variable thickness design’s damage
is shown in the centre, and its thickness distribution is shown on the right. The figure makes it clear that
the highest fatigue damage is concentrated at the base of the lightweight structure and in the notch region
of the right-hand plate for the uniform thickness sample. Hence, much of the structure has a longer
fatigue life than is necessary and is overly heavy. By contrast, the optimized variable thickness design
shows a similar level of damage throughout the structure.

Several characteristics of the optimized design are notable. Firstly, mass can be decreased by varying the
plate thickness across the parameterised regions. Specifically, the thicker side tends to alternate between
the left and right side in each parameterised pair located in the plates’ spanwise direction. The optimiser
has converged towards what is close to a checkerboard pattern. While this does save weight, it can also
be a result of numerical artifacts which aritficially raise stiffness.

It is thought that this solution is influenced by a combination of the asymmetric load placement, activated
torsional modes as well as the variable elastic coupling originating from the particular distribution of the
plates across the beam. As expected, some of the thickest regions are at the base and at the notch. This
is in line with previously discussed damage plots. Additionally, in contrast with the uniform thickness



Figure 7: Excitation in range 0-63 Hz. Log of fatigue damage for coupled plates optimised with uniform thickness
(left), and initially varied thickness (centre) are shown. The thickness distribution used to generate the central figure
is shown (right).

cases, the regions near the top left-hand corners have also increased thickness. As that is where the point
loads are applied, this result represents a rational design solution. Overall, the recommended design,
with an average thickness of 1.61 mm, is significantly lighter than the design optimised with a uniform
thickness (2.95 mm) and the reference design (3 mm) and can be considered highly conditional to the
loading (both in the spatial and spectral sense) as well as the plate placement context on the flexible
support structure.

Figure 8 shows resulting thickness distributions obtained using optimisation with different PSD excita-
tion frequency ranges. From left to right, these are 0-21 Hz, 21-42 Hz, 42-63 Hz and previously discussed
0-63 Hz range. While the 0-21 Hz and 0-63 Hz spectrums resulted in designs with a 24.9 % and 45.7%
weight saving compared to the design with a uniform thickness, the designs obtained for the 21-42 Hz
and the 42-63 Hz ranges were 0.7% and 0.5% heavier than their uniform thickness alternatives, respec-
tively. In these cases, the optimization procedure was not able to achieve improved mass-based design.
This suggests that the loading frequency content and its relationship with the spectral distribution of the
vibration modes is a decisive factor in successful application of this methodology. Overall, the optimized
designs in figure 8 show similarities in converging on checkerboard-type thickness distribution and thick
choices at their notches.

Figure 8: Optimized thickness distributions in mm for different excitation frequency ranges.

4. DISCUSSION

The investigation into the optimisation for fatigue of lightweight structures has produced several inter-
esting findings. First, the initial modal analysis revealed that notched plates provide a good test case



to evaluate optimal thickness design analysis since maximum stresses occur in multiple regions. It also
showed that a coupled system of two plates attached to a beam creates a significantly more complex
system, with 33 modes required to capture the 9th mode observed in an isolated notched plate.

Next, optimisation studies were performed by varying the thickness parameters assigned to the selected
plate regions while satisfying fatigue damage constraints. An initial optimisation was performed where
the plate thickness was kept uniform, resulting in an optimised design that still maintained a uniform
thickness. Then, a locally parameterised optimisation with multiple restarts was completed, allowing for
many different initial thickness distributions.

In cases where excitation activated modes in a low-frequency range (0-21 Hz), the optimisation of pro-
vided several configurations which performed better than uniform thickness distributions. These included
several features which would not be immediately apparent to designers. These principally included a
checkerboard-type pattern of alternating thickness, a strong base and notched section, and a thicken-
ing of the plates near where the load is applied. Of these features, the checkerboard pattern should be
treated with caution. Checkerboard patterns can emerge naturally as a vibration reducing feature, as they
do, for example, from topological, cellular automata and combinatorial optimisation techniques used
in viscoelastic damping technologies [17][18][19]. However, checkerboarding can also be the result of
numerical artifacts, which can cause overestimated stiffness. In this case, thicknesses never fall to zero,
as is the case with an obvious checkerboard artifact. However, the alternating pattern is not consistent
across the top 5% of designs, and further work is being done to identify whether a more consistent pattern
can be arrived at. In cases where excitation was concentrated at higher frequencies, varied thickness dis-
tributions did not provide lighter overall designs compared to uniform thickness optimisations. This is an
important finding with clear implications for complex and industrially-relevant applications. There are
several possible explanations for this. These simulations may have been limited by the relatively large
size of the parameterised regions used. Since mode shapes at higher frequencies have shorter typical
wavelengths, a plate that is only divided into five sections spanwise and two across its width provides a
mesh that is too coarse to allow effective optimisation. It may also be the case that superior designs exist
and that using 400 restarts was insufficient to identify them. Further work with finer design meshes and
more robust global optimisation strategies will be necessary.

Having made allowances for these limitations, for applications where low-frequency excitation forms
a significant part of the system loading, the optimal search approach can provide significant design
improvements. Using a Latin hypercube remains a relatively crude global optimisation technique. In
problems with many design variables, more optimal designs are likely to be missed unless very large
numbers of samples are used. This motivates future work, which will seek to improve on this method
with dedicated global optimisation strategies such as agent-based modelling.

5. CONCLUSIONS

The project has achieved its aim to demonstrate the benefits of an optimal design methodology which
accounts for the fatigue damage factors in the context of lightweight components attached to flexible
support structures. By evaluating the fatigue damage using the Dirlik method and formulating an op-
timization setup with the IPOPT algorithm, which allowed for variation of the regional thicknesses,
notable improvements in the component weight were obtained under the fatigue damage constraints.

An improved understanding of the design space which such problems present has been obtained, re-
vealing, in particular, the highly non-smooth design space which such fatigue optimisation studies must
contend with. Further work will consist of evaluating simulations with refined and smaller parameterised
regions, the use of more complex excitation spectra informed by the real flight conditions, as well as im-
plementing a dedicated global optimization algorithm, such as using agent-based modelling. The future
models will be subjected to in-flight PSD excitation data rather than simple synthetic excitation spectra.
These tasks will also be tied to more complex component geometries relevant to specific lightweight
wing structures instead of the flat plates used in this study.
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