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ABSTRACT

Input estimation indicates a class of algorithms to estimate the input excitation of a dynamical system
based on output measurements and a model of the system. The feasibility of the estimation is conditioned
on the identifiability of input. Noteworthy, identifiability entails that the response of the dynamical sys-
tem is sensitive to a specific variable, and its effect is distinguishable from those of all other variables.
This work explores two methods for assessing the identifiability of the input using two benchmark dy-
namical systems, which are simulated numerically. One method is based on the calculation of Lie deriva-
tives and the other method is based on the calculation of Empirical Gramians. To verify the outcomes
of the identifiability analysis, joint input estimation is computed for both systems using the Augmented
Extended Kalman Filter.
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1. INTRODUCTION

Input estimation indicates a class of algorithms to estimate the input excitation of a dynamical system
based on output measurements and a model of the system. Several approaches have been proposed
to estimate unknown inputs of dynamic systems. Algorithms based on a direct implementation into the
Bayesian filters based on joint input-state estimation can be found in [[1H5]]. Algorithms that rely on multi-
stage estimation approaches can be found [6H8]]. Regardless the selected input estimation algorithm, the
feasibility of the input estimation problem is conditioned to the identifiability of the input based on the
observed output. Identifiability deals with the problem of assessing whether the identification of the
parameters of a dynamical system from observed data is a well-posed problem [9]. Local identifiability
assesses whether parameters can be uniquely estimated in the surroundings of a specific point of the state
space, while global identifiability aims to cover the entire state space. In [[10], coefficient evaluation and
nonlinear differential equation transformation are proposed for global identifiability, but both become
computationally expensive for large systems. Successive orthogonalization is applied in [11] to rank
parameters in a nonlinear mechanical system for real-time estimation. The work in [12]] introduces an
identifiability index by estimating confidence intervals using the profile likelihood method. Empirical
Gramians are proposed in [13} [14] to extend identifiability analysis to nonlinear systems. In the work
of [9, 15, 16], Lie derivatives are utilized to study the local identifiability of biological and mechanical
systems. The work of [[17]], utilizes singular value decomposition of the sensitivity matrix is used to study
local identifiability. Comparative studies on some of these methods can be found in [10, [18, [19]].

This paper compares two of the listed methods, namely, the Lie derivative (LD) method [15]] and the
empirical Gramian (EG) method [14] in relation to the identifiability of the input excitation for two
mechanical systems. Both LD and EG methods are presented in Section 2] Numerical benchmarks are
presented in Section [3] The results of the study are presented in Section ] Section [5] summarizes the
main findings and future outlooks.

2. IDENTIFIABILITY ANALYSIS METHODS

The following notation is used to describe a dynamical system equation of motion in state-space form,
x =f(x,p).y = g(x,p) (1)

x € R" is the system state, p € R™ is the input excitation, and y € R" is the vector of output mea-
surements. The functions f(-,-) € R"™ is the state equation and g(-,-) € R" is the output equation.
Observability refers to the ability to reconstruct a system’s internal states from output data, while iden-
tifiability determines whether system parameters can be uniquely estimated from observed data. In this
work, we are concerned with the identifiability of p based on the output measurement y. In this context,
identifiability analysis is reformulated within the framework of augmented observability. This reformu-
lation interprets identifiability as an extended form of observability. Therefore, the state of the system is
augmented to include unknown inputs as additional state variables X = [x p| and the state-space model
of Eq.(I) is reformulated as,

0 = 5P| 260 = sxp) @

with the state-space equations as f € Rt = RP and gecR".

2.1. Lie derivative method

The LD method originates from differential geometry. One can define a matrix constructed using LDs to
analyse the observability and identifiability of a system. The LD is computed as the derivative of g(%)
along the flow x(t), which expressed can be seen as
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The second-order LD expression reads,
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and higher-order LD expressions can be easily extrapolated. Is it clear from (4] that the symbolic com-
plexity of LDs grows quickly for C'*° due to the chain rule. The expression of the augmented observ-
ability matrix reads,

Op(®) = [ZL9860) & (Lra®) & (c2®) - & (o ew)] 5)

where ﬁ}g(i) = g(x). The Generalized Observability-Identifiability Rank Condition (OIRC) is deter-
mined by computing the rank of the matrix O,p(X) of Eq. (5), which defines local observability of the
system. Specifically, if the matrix is full rank, it means that the augmented state x is fully observable
from the output measurement y.

2.2. Empirical Gramian method

The EG method described in [[14] builds upon the definition of the empirical observability Gramian
matrix described in [20]. The augmented observability matrix is computed using output trajectories
produced by perturbing the initial conditions of the augmented state of the system as,

R R B
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Each single scalar component of matrix ¥'(#) is defined as,
Wi, (t) = Wh(t) = (y"(8) = 5") (¥ (1) —5") (7

where y'i(t) and y’ (t) is the output response vectors of the dynamical system computed for the aug-
mented state perturbations of indices {; and [;, respectively, with ¢,5 € {1,...,p}; y' and y% their
time-averaged values. As one can see from (6), n; sets of perturbations are taken, each one associated
with a characteristic amplitude d;. The reason for that is the dynamical system response manifold is
typically amplitude-dependent. In this work, augmented state perturbations and their characteristic am-
plitude are computed using the Python toolbox freely available at [21]. The OIRC is determined by
computing the rank of the augmented observability matrix O gi(X) of Eq. (6), which defines the local
observability of the system. Specifically, if the matrix is full rank, it means that the augmented state X is
fully observable from the output measurement y.

3. NUMERICAL BENCHMARKS

The LD and EG methods are benchmarked on two numerical models, namely, a 3-DOF spring-mass
system (3D-SM) and a 5-DOF simplified MBD model of a wind turbine (SD-WT). Figure [I|depicts both
models. Model parameters are given in the respective subsections.

3.1. 3-DOF spring-mass system

The equation of motion of the 3D-SM model of Figure[Ia)is reported herein in state-space form,

q1
Go
) q3
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where x = [q, ('1]T is the state vector and p is the vector of the applied loading, which is random with a
mean around 100 N for an identical load, and random with the two means of 110 N and 95 N for different
loadings. The stiffness parameter values are k;, = 7.2 x 103N/m and k; = 7.2 x 10* N/m, the mass
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Figure 1: a) 3D-SM spring-mass system b) SD-WT simplified wind turbine system.

(b)

parameter values are m;, = 1.96 kg and m; = 10 kg and the mass-proportional damping coefficient value
is & = 1s~!. The output equation of the model have the following forms,

Yo =g(x,p) = [a2 a3] " )
vy =g0xp) =@ @ (10)
v. = g(x,p) = [d@] (11)

In order to distinguish between the three settings for the output, this case study is referred to as 3D-SM-a
(-b/-c) in the result section.

3.2. 5-DOF wind turbine model

The 5D-WT model represents a wind turbine in a simplified manner. The model is characterized by 5
DOF {q1, 42,93, 94,5 }; {q1, g2, g3} coincides with the tip deflection of each blade, which is offset by a
fixed angle U, = 0°, U5 = 120°, U3 = 240°; q4 represent the tower deflection and ¢5 represent the hub
rotation. The active and inertia forces for points P;, P>, P; are derived as;

£ = mpgn., + piai, — kygiai. — apgiai,  and  £5 = —myNa®i,  for (1=1,2,3) (12)
Similar to the other system, is the stiffness parameter values k, = 7.2 x 103N/m and k; = 7.2 x
10* N /m, the mass parameter values m;, = 1.96 kg and m; = 10 kg and the mass-proportional damping
iscy, =my - 1s7Fand ¢; = my - 1571, In addition to active and inertia forces, this system will introduce
active and inertia torques applied to frame A; from the rotor motion, where the contribution of the blades
is summed up.

np

4 = - (Z kplogi + Cblb(jz) n, — dygsn; (13)
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£47 = T N N s (4 Ny (14)

where 141 = T ¢a1,®ay; is the inertia dyadic and d, = 100 Nms is the damping from the generator along
with dy = 0.1 kgm?. The length of the blades is 0.5 m. The equation of motion (I3) is subsequently
computed by projecting the active and inertia forces/torques onto each partial velocity direction,

3
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where the generalized velocities are obtained as partial derivatives of point velocities and frame angular
velocities w.r.t. the generalized velocities ¢,
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To recast in state-space form, a discrepancy function ¢ is introduced
Nvpt 7 ST Ve (B 7)o Mol (6 - 64)
€(q,9,9,p) = : (17)
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where q = {q1, 92, g3, ¢4, g5 } contains generalized position and p are the input parameters to estimate.
For this specific problem, p can be either identical, or have three different configurations with means
of 110N, 95N and 90 N. Starting from (I7), the generalized mass and restoring force of the dynamic
system are obtained as,

. Oe ) ..
M(qv q) = aiq » g(q7 q, p) = E(qv q,u, p) - M(qv q)q (18)

Generalized mass and restoring force are used to formulate the equation of motion in state-space form
as,

u
x=f(x,p):= _ 19
( p) _M(q7 u) 1g(q7 u, p) ( )

where u = ¢ and x = [q, u]T is the state vector of the dynamic system. The full derivation of the

model can be found in [22]. The output measurements of the system coincide with the tip of each blade
and the top of the tower as the displacements and accelerations. The following three output settings are

considered:
-

Yo =8(xP)=[2 @3 a4 (20)
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ye = g(x,p) = [Va™ -a;, Nas.a3, Na.q,] (22)

This case study is referred to as SD-WT-a (-b/-c) in the result section.
4. RESULTS AND DISCUSSIONS

The identifiability of the input vector p of two systems have been analyzed using both the LD and EG
methods considering the three different settings, namely, a, b and c. The EG method is applied on
response history data characterized by a time span of 20 s and time step 0.01 s; the specific setting of the
EG method is given by n; = 4 and d; = {0.001,0.01, 0.1, 1.0}. The main results of the comparison are
the OIRCs and the computational time associated with their calculation, which are reported in Tables [1]
and 2l

Table 1: Results of the identifiability analysis for 3D-SM with p; = ps and SD-WT with p; = py = ps.

Label Full EG method LD method
rank | rank(Ogg) | CPU rank(Orp) | CPU
3D-SM-a 7 7 41s 7 54 min 24s
3D-SM-b 7 7 45s 7 91 min 47s
3D-SM-c 7 6 46s 6 65 min 21s
5D-WT-a 11 11 13 min 25 s — —
5D-WT-b 11 11 11 min 58s — —
5D-WT-c 11 11 13 min 51s — —




Tables [1] and [2] show that the OIRCs obtained from LD and EG on the 3D-SM model are consistent.
Memory limitations have systematically prevented the application of the LD method to the SD-WT
model. The explanation is that when the equation of motion is C'*°, the complexity of the symbolic
expression of the Lie derivatives saturates the available RAM. A standard laptop with 13" Gen Intel(R)
Core™ i5-1345U 1.60 GHz processor and 16 GB RAM was used to perform the calculations. As can
be observed in Table [T} when a single input is applied, the augmented state is fully observable for 5 out
of the 6 cases. When the independent input are applied, as can be observed from Table 2] the rank of the

augmented observability matrix tend to decrease.

Table 2: Results of the identifiability analysis for 3D-SM with p; # ps and SD-WT with p; # ps # ps.

Label Full EG method LD method
rank | rank(Opg) | CPU rank(Orp) | CPU
3D-SM-a 8 8 1 min 8s — —
3D-SM-b 8 7 1 min 9s — —
3D-SM-c 8 6 1 min 13s — —
5D-WT-a 13 11 14 min 9s — —
5D-WT-b 13 13 17 min 30s — —
5D-WT-c 13 12 23 min 11s — —

As afinal verification of the results of the identifiability analysis, the Augmented Extended Kalman Filter
(AEKF) is applied to estimate the augmented state of both models for some of the output settings. For
the implementation of the filter see [3l], where the algorithm is shown. In all cases, input loading histories
are low-pass filtered white noise. For the 5SD-WT model, AEKF initial covariance matrices are,

[T5.5 -1 x 107° 0 0
P = 0 Isys -1 x 10712 0
i 0 0 Lsm -5 x 1072
_ [Tiox10-1 x 1077 0 _ -3
Q= _ 0 L 5% 10°! andR=1,.,-5x10

The results of the input estimation are reported in Figure 2] Specifically, Figure [a] refer to the case 5D-
WT-b, where the rank of the augmented observability matrix is deficient. As can be appreciated, the
estimation input does not converge to the true value. Figure [b|refer to the same case, where the rank of
the augmented observability matrix is full. As can be appreciated, the estimation input converges to the

true value.
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Figure 2: Input estimation performed using the AEKF with the a) SD-WT-b model and d) 5D-WT-a model for the

case of p1 # p2 # ps3.



5. CONCLUSIONS

This paper benchmarked two approaches for identifiability analysis, namely, the Empirical Gramian
method and the Lie derivative method, in relation to the estimation of the input excitation on two dynam-
ical systems. The Empirical Gramian method allowed the study of the identifiability of both benchmark
problems for all cases. However, the results obtained with the Empirical Gramian method might be af-
fected by the specific selection of the perturbation parameters n; and d;. The Lie Derivative method does
not have hyper-parameters, so it is, in principle, more objective. However, the Lie derivative method
quickly saturates the computer RAM for a relatively small size of the augmented state if the equation
of motion is nonlinear. The results of the analysis are consistent with the performance of the input esti-
mation conducted with an AEKF. It is important to note that this is a preliminary study; therefore, our
implementation of the LD method might be optimized further. This will be the subject of our future
work.
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